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1. Let {u,t > 0} be a family of probability measures on (R, B). Show that {u,,t > 0}
is a convolution semi-group iff there exists a probability space (Q,F,P) and a
stochastic process (X;);>o on it such that (X;) has stationary and independent
increments and yp:(A) = P(X; € A). [12]

2. Construct a probability space (2, F,P) and random variables X,Y;,Ys,---Y,,, -
on it such that X is uniformly distributed on [0, 1] and given X = p, Yi,---Y, are
iid. Ber.(p) random variables for all n > 1. [12]

3. Suppose 0 < p < 1 and {X;};>; are ii-d- random variables with P(X; = 1) =p =
1—-P{X;=-1}. Let S, .= >_ X;
i=1

(2) Show that if p = 3, P{lim S,, = 00} = P{lim S, = —c} = 1.
n—oo

n—oo

(b) Calculate the P{ lim S, = co} when p # 1.
n—oo

[8+7]

4. Let X be a square integrable martingale with square variation (X ). Let 7 be a finite
stopping time. Show the following :

(a) If E(X), < oo then
E(X, — Xo)? = E(X), and EX, — EX,.
(b) If E(X), = oo then both equalities in (a) may fail.

[6+7]
5. Let {Y;}i>1 be an 1.i.d. sequence with EY; = 0 and Var(Y;) = 1,i = 1,2,---. Let
{Z;} be a sequence of independent random variables with
P(Zi=1) = P(Zi = —i) = 5(1 - P(Z:=0)) = o5
PENESGET =) R AT

i=1,2,--. LetX; =Y, + Zand S, = X3 +---+ X,

(a) Show that % converges in distribution to the standard normal distribution.

(b) Give an example of the sequence {Y;} to show that the Lindberg condition fails
for {X;}.

[10410]



6. (a) Let (X,Y’) have joint density f(z,y). Let h : R — R measurable with E | h(X)| <
oo. Show that, almost surely,

[ h(z)f(z,Y)dz
[ 7@ Y)ds

EnX)|Y]=

(b) Show that the conditional Markov inequality is true : If f : [0,00) — [0, 00) is non
decreasing and € > 0 then

Elf(XD [ 7]
P& > dF) < ==

for random variables X with Ef(] X |) < co and sub o-fields F.

(c) Let A C R™ have positive Lebesgue measure. Let X be an A-valued random vector
having the uniform distribution on A. Let B C A have positive Lebesgue measure.
Write down explicitly the conditional distribution of X given F := {¢,Q,{X €
B}, {X € B}}.

[10+8+5]

7. Let {X;} be an i- i- d- sequence of non negative random variables. Show that

EX; < oo iff almost surely lim %2 = 0. [15]
n—o0

(Hint : Use the Borel-Cantelli lemma).




